It is proven that the Poincaré symmetry determines equations of motion, which are for massless particles of any spin in d-dimensional spaces linear in the momentum 1 : (W a = αp a )|Φ with W a the generalized Pauli-Ljubanski vector. The proof is made only for even d and for fields with no gauge symme-1 After this paper appeared on hep-th W. Siegel let us know that equations (S ab p b + wp a = 0)|Φ are the linear equations in p a -momentum, as well as in S ab , which all irreducible representations of massless fields in any d obey, and that these equations can be found in his book [20] and in his paper [19] . Following derivations of this paper in section (IV) one easily proves that solutions of 
try. We comment on a few examples. We pay attention only to spin degrees of freedom.
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I. INTRODUCTION.
The ordinary space-time which we seem to experience is four-dimensional. However, besides the ordinary space-time, the internal space of spin and charges is equally important. Without spins and charges the World would manifest no dynamics -noninteracting chargeless scalar fields could form no matter. Theories of strings and membranes [1] as well as Kaluza-Klein theories [2] are predicting more than four-dimensional ordinary space-time.
One of us [3] [4] [5] [6] [7] [8] [9] [10] has proposed the approach, which describes geometrically not only the ordinary space-time but also the internal space of spins and charges, unifying spins and charges. In this approach the internal space is described by a vector space spanned over the anticommuting coordinate space of the same dimension d as that of ordinary space-time. To describe the physics of the Standard model both spaces, the one of commuting and the one of anticommuting coordinates, have to be more than four-dimensional. In d-dimensional space-time only spin degrees of freedom exists. It is the appropriate break of symmetry, which in four-dimensional subspace makes the spin manifesting itself as the spin and the known charges. In all theories with d > 4 the question arises why Nature has made a choice of four-dimensional subspace with one time and three space coordinates and with the particular choice of charges beside the spin degree of freedom for either spinors or vectors.
Mankoč and Nielsen [11, 12] prooved that in d-dimensional spaces, with even d, the spin degrees of freedom require q time and (d − q) space dimensions, with q which has to be even. Accordingly in four-dimensional space Nature could only make a choice of the Minkowsky metric. This proof was made under the assumption that equations of motion are for massless fields of any spin linear in the d-momentum p a , a = 0, 1, 2, 3, 5, . . . , d. (In addition, also the hermicity of the equations of motion operator as well as that this operator operates within an irreducible representation of the Lorentz group was required.) Our experiences tell us that equations of motion of all known massless fields are linear in the four-momentum p a , a = 0, 1, 2, 3. We are refering [13] to the Dirac equation of motion for massless spinor fields and the Maxwell or Maxwell-like equations of motion for massless vectorial fields. One of us together with A. Borštnik [8] has shown that the Weyl-like equations exist not only for spinors but also for vectors.
In this paper we present the proof that equations of motion for free massless particles in even-dimensional spaces, if manifesting the Poincaré symmetry, are linear in the p a −momentum. For four dimensional space-time Wigner [14] clarified that as far as masses and spins are concerned (point-like) particles can be described by their properties under transformations of the Poincaré group. The classification of particles with respect to the unitary discrete representations of the Poincaré group can be found in Weinberg [15] , for example. In his language equations of motion are those equations that constrain a solution space to a certain Poincaré group representation. For spinors this leads to the Dirac equation and for vectors to the Maxwell equations [16] . The aim of this paper is to use similar techniques for massless particles in general even-dimensional spaces. We prove that in even-dimensional spaces, for any d = 2n, free massless fields |Φ 
with α = − → S · − → p |p 0 | to be determined in this paper. For spinors, which will be determined in Eq. (7), α = ± 
which commutes with all the generators of the Poincaré group. We choose β so that
, while for fields of a general spin β will be determined in section III. Operators S ab are the generators of the Lorentz group SO(1, d − 1) in internal space, which is the space of spin degrees of freedom. In Eq.(2) W a is the generalized Pauli-
We define [12] S i as the d − 1 vector
and determine the value of ρ so that the eigenvalues of S i are independent of a dimension and the same as in four-dimensional space. We will show that this dictates the choice ρ = ) and ρ = 1 2 n−1 (n−1)! 2 for vectors (S i = ±1, 0). Eq.(2) also guarantees that Eq. (1) is fulfilled for all massless fields with no gauge freedom and with nonzero spin.
We prove that for spinors in d-dimensional space Eq.(2) is equivalent to the equation
with 1 |α| equal to 2 for any d=2n, while for a general spin Eq.(2) may impose additional conditions on the field.
We recognize the generators S ab to be of the spinorial character, if they fulfil the relation
with {A, B} = AB + BA.
In this paper the metric is, independently of the dimension, assumed for simplicity to be the Minkowsky metric with η ab = δ ab (−1) A , A = 0, for a = 0 and A = 1, otherwise.
The paper is arranged as follows:
We first present in section II the infinitesimal generators of the Poincaré group in ddimensional spaces, the corresponding algebra and the Casimirs. We define appropriate dvectors and (d − 1)-vectors (some of them can be defined only in even-dimensional spaces), and present their properties and their commutation (and for spinors anticommutatation)
relations.
In section III we review representations of the Lorentz group and determine the parameter β of Eq.(3), specifying the Casimir Γ (int) for a general spin.
In section IV we define the generators of the little group and the constraints, which the generators of the little group have to fulfil in order to define discrete representations of the Poincaré group. We determine the factor α in Eq.(2), so that the equation Eq.(2) holds on discrete representations of the Poincaré group and represents accordingly a promising candidate for equations of motion.
In section V we investigate the solutions of Eq.(2) on spaces with Γ (int) = 0. We show that they form irreducible representations of the Poincaré group (barring the sign of energy degeneracy) and in this sense we prove that Eq.(2) is the equation of motion.
At the end we comment in section VI on spinorial representations and on vectorial (we shall define these representations later) representations in any d = 2n-dimensional spaces.
II. POINCARÉ SYMMETRY.
The generators of the Poincaré group, that is the generators of translations p a and the generators of the Lorentz transformations M ab (which form the Lorentz group), fulfil in any dimension d, even or odd, the commutation relations:
The generators of the Lorentz transformations of the internal group There are n commuting operators of the Lorentz group in d-dimensional spaces, for either [4, 6] , which are easily found to be:
The second Casimir of Eq.(9) can only be defined for d = 2n. We see that Γ (int) from Eq. (3) follows from Γ by replacing M ab by S ab and that Γ (int) commutes with all the generators of the Poincaré group.
With the help of Γ the generalized Pauli-Ljubanski vector as presented in Eq.(4) can be defined as 
The proof that W a W a commutes with p b is obvious due to Eq. (4), while the proof that p a p a commutes with M bc is straightforward.
The following commutation relations follow
To prove the first equation of Eqs. (13) We present, for the spinorial case only, the commutation and anticommutation relations
III. REPRESENTATIONS OF LORENTZ GROUP IN INTERNAL SPACE.
In this section we introduce the notation for ireducible representations of the Lorentz
, denoting an irreducible representation by the weight of the dominant weight state of the representation. This exposition of the subject follows those of [17] , [18] . We also express the two Casimirs of Eq.(9) in terms of the dominant weight. We pay attention only to the internal degrees of freedom for the Lorentz group, that is to a spin.
The Lie algebra of SO(1, d − 1) is spanned by the generators S ab , which satisfy the commutation relations of the second equation of Eqs. (8) [
We choose the n commuting operators of the Lorentz group SO(1, d − 1) as follows
and call them C 0 , C 1 , C 2 , . . . , C n−1 , respectively.
(Everything what follows will be valid also for the group SO(d), provided that the gen- 
According to the definition in Eq. (16), weight components w 0 , w 1 , w 2 , . . . , w n−1 are always real numbers.
We introduce the raising and lowering operators
with 0 ≤ j < k ≤ n − 1, λ, µ = ±1 and 0 − = 0, 0 + = d, 1 − = 1, 1 + = 2, 2 − = 3, 2 + = 5 and so on. For these operators the following commutation relations hold
Therefore, if the state |Φ w has the weight (w 0 , w 1 , . . . , w n−1 ) then the state E jk (λ, µ)|Φ w has the weight (. . . , w j + λ, . . . , w k + µ, . . .).
We now proceed to the definition of the dominant weight. We fix q ∈ {+1, −1} and call the state |Φ l with the property (l n , l n−1 , . . . , l 2 , l 1 ) q with the index q attached to distinguish which definition of the dominant weight state we are using. Numbers l n , l n−1 , . . . , l 2 , l 1 are either all integer or all half integer and satisfy
The correspondence between the two notations is given by the fact that the following representations are equivalent
In section V we will find it useful to work with the notation q = +1 when dealing with the positive energy (p 0 > 0) representations and with q = −1 when dealing with the negative
For future use we reformulate the condition (20) which determines the dominant weight state. It follows from Eq. (18) that
Similarly, we obtain the following conditions
By reversing this process we can also conclude that Eqs. (25), (26), (27) imply (20) . They are therefore equivalent to condition (20) .
We now determine the values of the two Casimirs of Eq.(9) for a particular irreducible representation (l n , l n−1 , . . . , l 2 , l 1 ) q . Since the Casimirs (Eq. (9)) are scalars it suffices to determine their value on the dominant weight state |Φ l . Since the dominant weight state satisfies Eqs. (25), (26),(27) which are not invariant to the permutations of C 0 , C 1 , . . . , C n , we don't expect the values of Casimirs to be symmetric in l n , l n−1 , . . . , l 1 . It will turn out this is indeed the case.
We now find for the Casimir M 2 (which we shall denote when useful by
We use Eq.(25) and the relation
The operators S ij belong to the Lie algebra of the subgroup SO(d−2) of the group SO(1, d− 1) acting only on coordinates 1, 2, . . . , d − 1. We may use Eq. (29) inductively to express the
We proceed with the Casimir Γ (int) of Eq.(3) in a similar way as with M 2 (again sometimes using the subscript d to point out the dimension of space-time). We definẽ
and noteΓ
/(2n) on the dominant weight state and taking into account Eq.(25) we
It therefore follows that
where we have taken into account that Γ
d−2 refers to the handedness operator for subgroup
taking place of Eqs.(25). We obtaiñ
We note the absence of a factor i in the last equation. Repeating this process inductively we find
(Had we been dealing with the group SO(d) the result would have been similar, the only difference being the absence of i in the previous equation.) We have therefore obtained
It follows from (35) that on spaces (l n , . . . , l 1 ) +1 with nonzero handedness (Γ
to obtain Γ (int) = ±1. In what follows we assume this choice of β has been made.
IV. LITTLE GROUP.
In this section we characterize the unitary massless discrete representations of the Poincaré group and work out some of their properties. In doing so we follow the little group method [15] .
For momenta p a appearing in an irreducible massless representations of the Poincaré group it holds
(we omit the trivial case p 0 = 0). We denote r = 
We see that Eq.(39) requires
and it follows ω 0d = 0,
All ω ab M ab with ω ab subject to conditions (41) form the Lie algebra of the little group. We choose the following basis of the little group Lie algebra
One finds
We are interested only in discrete representations of the Poincaré group. This means that the states in the representation space can be labeled by the momentum and an additional label for internal degrees of freedom, which can only have discrete values.
Lemma IV.1: For a discrete representation of the Poincaré group operators Π i give zero.
Proof: We may arrange the representation space of the little group to be eigenvectors of the commuting operators Π i of the little group
Here a stands for a set of quantum numbers. We make the rotation e iθM ij on a state |Φ a depending on the parameter θ and the operator M ij , with the particular choice of i and j.
Taking into account Eq.(43) we find
It is obvious that the states e iθM ij |Φ a produce a continous set of eigenvalues for Π 1 , . . . , Π 
We see that on the representation space of the little group with the choice 
Proof: First, we prove the lemma on the representation space of the little group for the choice p a = (rk 0 , 0, . . . , 0, k 0 ), r = ±1, k 0 > 0. We begin with the cases a = 1, 2, . .
where
Eq.(46) concludes the proof for a = 1, 2, . . . , d − 1.
We now turn to the case a = 0
Eq.(48) holds according to the value of the handedness operator obtained in section III and applied to the group SO(d − 2). The case a = d goes similarly
Again, we point out that in all these derrivations M ab can be replaced by S ab .
To prove Eq.(2) on the whole representation space, one only has to note that Eq.(2) is in covariant form and must therefore hold generally. To put this explicitly: the linear hull of the states |Φ It is therefore sufficient to prove (2) for |Φ ′ a . This follows from
It is proved that Eq.(2) with the parameter α from Eq.(48) holds on the Poincaré group representation (l n−1 , . . . , l 1 ; r) q . It is therefore a candidate for an equation of motion. Before it can be admitted to that status we have to investigate its solutions. We do that in the next section.
V. EQUATIONS OF MOTION.
In this section we investigate the solutions of the equations
on the space with internal Lorentz group SO(1, d − 1) representation (l n , l n−1 , . . . , l 2 , l 1 ) +1 .
Since Eq.(51) is in a covariant form it is clear that the space of its solutions forms a representation of the Poincaré group. It also corresponds to massless particles as indicated by the second equation in Eq.(51). What remains to be investigated is the irreducibility and discreteness of solutions.
For irreducibility, we will allow only degeneracy in the sign of p 0 (the energy) and no degeneracy as far the internal degrees of freedom are concerned, since we don't want the same equation to describe particles of different spins. As we will see, to provide both this and the discreteness, the condition
must be fulfilled. For d = 4 this is also the sufficient condition, while for dimensions d ≥ 6
for sufficiency the following condition must be added
As shown in section IV, due to the covariant form of Eq. (51) 
We note that in four dimensions in our notation (σ; r) q of the Poincaré group representation the quantum number σ is helicity since it is the eigenvalue of the operator S 12 . We have therefore generalized the known result in four dimensions which states σ = rl 1 ( [15] , [16] )
to general even-dimensional spaces.
So, according to Eq.(48) if we are to hope for the solutions of Eq.(51) to form a discrete Poincaré representation we must have α = −ρr2 n−1 (n − 1)!(l n + n − 1) . . . (l 2 + 1)(rl 1 ), which is exactly Eq.(52).
We now answer the question: when are the solutions of the equations 55) reads as follows
with α ij = ε 
¿From Eq.(26) it follows that − irΠ
Following similar techniques as in section III and taking into accout Eq.(60), we find
Since the condition l 1 = 0 implies α = 0 (Eq.(48)), we may conclude from Eq.(64) and
¿From Eqs. (59), (62), (65) we find
We summarize
Now, we can repeat this process by using (27) to obtain
and so on. Finally we arrive at
and
This obviously implies
We use this result in Eq.(69 
Using this result and the one of Eq.(71) in Eq.(68
Again, the equality ε
and so on. Finally we find
which proves Π (int) i |Φ l = 0 for i = 1, 2, . . . , d − 1 and concludes the proof.
We may now write down the main result of this paper:
On the space with internal Lorentz group
is the equation of motion for massless particles corresponding to the following representations of the Poincaré group
where the masslessness condition (p a p a − 0)|Φ is not needed, since it follows from (76).
With the aid of Eqs. (36), (37) the equation of motion can also be written as
(W a = |α|Γ (int) p a )|Φ , |α| = ρ2 n−1 (n − 1)!(l n−1 + n − 2) . . . (l 2 + 1)|l 1 |.(78)
This equation is convenient when dealing with positive and negative handedness on the same footing (an example of this is the Dirac equation) since |α| is independent of the sign of l 1 .
We note that the particular value of ρ is irrelevant in Eqs. (76), (78) since ρ is found in both the lefthand and the righthand side of the equations and thus cancels out. The value of ρ becomes relevant when dealing with the particular spin (ie. in the next section) when it is used to insure that the operators S i have the familiar values independent of the dimension.
Making a choice of a = 0 one finds
Since ( Although both kinds of fields can be treated in an ordinary way, that is by using the group theoretical approaches, which determine properties of states of an ireducible representation by defining the operation of the generators of the group on a state without going into any representation, just as we have done in sections above, we shall use the space of anicommuting d = 2n coordinates to describe the internal degrees of freedom (it is the spin degree of feedom in our case) for both types of fields mentioned above, representing states as polynomials of the anticommuting coordinates. We shall do that, because this way offers a very simple and transparent presentation of operators in any dimension, as well as of representations. We shall follow the approach of one of us [3, 4, 7] , using Grassmann coordinates.
As it was proven in ref.
( [9] ) we could as well use differential forms instead of Grassmann coordinates. At the end we shall comment on results.
We briefly review the description of the internal space we use [7] . It is the Grassmann space (also known as the exterior algebra) spanned over 2n-dimensional vector space and denote it as Λ(2n). Formally, this space is the space spanned by 2n variables
and their products, where the following anticommutation relations hold
We use the symbol θ a to also denote the operator of multiplication with the variable θ a .
Accordingly, relations (81) hold for θ a as operators also. The operator of differenciation
is defined as follows
if we assume that the differentiation is allways performed from the left.
We denote p θa = −i ∂ ∂θ a . It is easily checked that the following anticommutation relations hold
Following the references [3, 7] , we define the generators of the internal Lorentz group. For spinors they are
with [a a , a b ] = a a a b − a b a a , and for vectors they are 
We shall first comment on the representations for the spinorial case and derive the corresponding equations of motion for spinorial massless fields in d = 2n. Later we shall do the same for vectorial massless fields.
A. Spinors.
We introduce the following definitions for the handedness oparator and the Pauli- . Since this is our case we conclude that we are dealing with the representations
, . . . , ) our internal space decomposes into.
We now proceed to determination of the equations of motion. First we introduce the
and state
Lemma VI A.1 : It holdsS
Proof: Obvious from our previous definitions.
We now state our equation of motion. It is Eq.(78) and it reads
Now, the lemma VI A.1 implies that this is equivalent to
Taking into account the definition S
(a a a b − η ab ) and multiplying the above equation
by 2Γ (int) we obtain
which upon multiplication by a a implies
By reversing this process we may show that Eq. (94) [7, 9] and other references included in these papers. We may also check, that by multiplying Eq.(94) by
Defining γ a matrices for any [17, 9] d and replacing a a by γ a , we could repeat all the above derivations and end up with the Dirac equation for spinors in d-dimensional spaces.
B. Vectors.
We take the following definition of the handedness operator (β = i 2 n n! 2 )
We limit our attention to the subspace Λ n spanned by n-monomials of the form θ a 1 θ a 2 . . . θ an , a 1 , . . . , a n = 0, 1, . . . , 2n.
On this subspace it obviously holds
from where we conclude that l 1 = 0 for all irreducible representations (l n , . . . , l 1 ) +1 into which Λ n decomposes. It is easily checked that
which implies that (in absolute value) the possible values for S ab v are 0, 1. Since l 1 is nonzero, we conclude from Eq.(36) that |Γ (int) | ≥ 1 where equality is achieved for
Therefore, equation (98) implies Eq.(100). For d = 6 we present in Table II the basis for the irreducible representation (1, 1, 1).
We now proceed to the formulation of the equation of motion on Λ n . We take ρ = 1 2 n−1 (n−1)! 2 in the definition of the Pauli-Ljubanski vector
where we have introduced 
Taking into account the equations (98), (99), (105), (106) We may now write our equations of motion (78)
With the equation (103) 
We multiply the last equation by p 
Since this holds for every a we may conclude
We similarly obtain
The equations (111), (112) are also easily shown to imply (108) : one simply multiplies Eqs.
(111), (112) by p θa , θ a , respectively, and adds the two equations. Therefore (111) and (112) are the equations of motion.
The above discussion also shows that Eq. Finally we show that the obtained equations of motion are the generalized Maxwell equations [15] . The space Λ n may be identified with the space of totally antisymmetric n-tensor F a 1 a 2 ...an with the correspondence [18] θ a 1 θ a 2 . . . θ an ∈ Λ n ←→ F c 1 c 2 ...cn = 1 n! ε 
